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Abstract-A systematic approach is presented for the stability analysis of rigid frames and trusses, including the
effect of bending moments and shear forces in structures before buckling. The linear graph theory and the transfer
matrix technique are employed throughout; the former is perfectly suited for the stability analysis of complex
structures, since it automatically takes the geometrical configuration of the "entire" structure into consideration.
This permits a derivation of the determining characteristic equation in a general and straightforward fashion.
Also, the application of the linear graph theory permits a convenient use of a high-speed digital computer for the
numerical computation involved. The present formulation for the stability analysis degenerates into that of the
structural analysis in which the effect of axial force on flexure mode is neglected.

INTRODUCTION

IN GENERAL, there are two types of instability (see, for example, [I and 2]) as shown
schematically in Figs, I(a) and (b), where the load P is plotted against the deformation u at
any point of the structure. In Fig. l(a), the load-deformation diagram consists of three
segments OA, AB and AC, with A representing a point of bifurcation. The load Per is the
elastic buckling load. In this type of behavior, the structure has no imperfection and there
is no bending moment or shear force in the structure before buckling. In the present paper,
this problem is referred to as the problem ofType I. In Fig. 1(b), as soon as the load is applied,
the deformation takes place and the instability of the structure occurs when Preaches Pcr •

This behavior may represent a structure other than that of Type 1. This problem is referred
to as the problem ofType II. Although a number of papers have been published on stability
analysis (see, for example, [3-11]) a systematic approach to the problem of Type II has not
been developed.

This paper develops a general, unified approach to the problem of both Type I and
Type II, involving linear structures (rigid frames and trusses) with arbitrary plane con­
figuration. The present approach can be extended to structures of three-dimensional
configuration without difficulty, although it is not pursued at this time. The determinantal
equation for evaluating buckling loads and modes is given explicitly in terms of applied
load, structural property and structural configuration. The linear graph theory and the
transfer matrix technique are employed throughout the formulation. In particular, the linear
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FIG. I. Load--deformation diagram.
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graph theory is perfectly suited for the stability analysis of complex structures, since it
automatically takes the geometrical configuration of the "entire" structure into considera­
tion. This permits a derivation of the determining characteristic equation in a general and
straightforward fashion. Also, the application ofthe linear graph theory permits a convenient
use of a high-speed digital computer for the numerical computation involved.

It is also shown that the present formulation for the stability analysis degenerates into
that of the structural analysis [12-15] in which the effect of axial force on the flexural mode
is neglected.

In order to evaluate the buckling load for the problem of Type II, the stress in the struc­
ture has to be evaluated as the load increases. This enables one to examine whether the
problem should be treated as inelastic buckling, by checking whether the extreme fiber
stress in the structure exceeds the yield stress before the elastic buckling load is reached.
Several numerical examples are worked out, and the advantage of the present approach is
demonstrated.

PRELIMINARY CONSIDERATIONS

Structures considered

Consider an initially stable frame or truss, with two-dimensional arbitrary configuration,
consisting of straight members and ofsupports with no release. Choose the points of support
and of intersection of members as nodes. The nodes are identified either by uppercase
letters in alphabetical order or by positive integers 1,2, ... , Fl, with nodes at supports (datum
nodes) last, where Fl is the total number of nodes. Number and orient individual members
(branches) arbitrarily. Thus a frame or truss is associated with an oriented linear graph [12J.
The connectivity of a linear graph can be specified by the branch-node incidence matrix A
[12-15].

It is assumed that the cross section of each member is uniform for trusses, whereas it
can be piecewise uniform for frames, in which case nodes should be created at the points of
uniformity change in addition to those at the points of intersection.

Applied loads

When a truss is considered, the externally applied load is limited to a set ofconcentrated
forces acting at the nodes only. For a frame, however, the concentrated forces (including
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those in the form of a couple) can be applied at any point of the structure. When the con­
centrated forces are applied to the frame at the points other than the intersections of the
members, additional nodes have to be created at the points of application of such loads.

Coordinate systems

Let a global coordinate system fixed in space be denoted by rectangular right-hand axes
(~, '1, 0, with ~ and '1 axes defining the plane of the structure. Associated with each branch
(member), say branch j, construct a local rectangular right-hand coordinate system
(x j ' Yj' z) at the center of the initial cross section of that branch. This system is fixed with
respect to the global coordinate system in such a way that, in the undeformed state, x j

coincides with the centerline of the branch, and the x j and Yj axes lie in the plane of the
structure.

Branch and nodal quantities

Unless otherwise stated, branch quantities (branch forces and displacements) have a bar
if their components are with respect to the global coordinate system, whereas the nodal
quantities are always referred to the global coordinate system without a bar.

Let the resultant forces and moment acting on the initial end I and the final end F of
branch j ofa frame (the end branch forces) be represented by(3 x 1) vectors with components
in the local coordinate system, It j = [/fjl l'jZ l'j3J', Ftj = [F'jl F'jZ F'j3J' in which I'jl'

l'jZ and l'j3 are, respectively, the Xj' Yj component of forces (i.e. axial force and shear force)
and the bending moment about Zj' at the initial end of the branch. The prime denotes the
transpose of a matrix. A similar definition applies to F'jk(k = 1,2,3) at the final end.

The local components of displacements (including rotation) of the initial and the final
ends are the end branch displacements IUj and FUj , IUj = [/U jl IUjZ IU j3J', FUj = [FUJI FU jZ FUj3J'

where IUjl' IUjZ and IUj3 are, respectively, the translations in the Xj' Yj direction and the
rotation about Zj of the cross section at the initial end of branch j. A similar definition
applies to FUjk(k = 1,2,3) at the final end.

These quantities can be expressed in the global coordinate system by the following
transformation: It j = Rj Itj' IUj = Rj IUj in which Rj is the (orthogonal) transformation
matrix between the global coordinate system and the local coordinate system of branch j.

Let t j = tix) and uj = uix) be (3 x 1) vectors denoting the branch forces and branch
displacements, respectively, at any cross section of the jth branch; i.e. tiXj = 0) =
It j , tiXj = I) = Ftj where Ij is length of jth branch and tj = ['jl 'jZ 'j3]', Uj = [u jl ujz Uj3J'.

Because of the assumption of no release, the displacements of the end cross sections of those
members which meet at a common node are identical. For example, if the node J is the
initial node of the branch i and is the final node of the branch j, then lUi = FUj' Hence, the
nodal displacement at the node J, JU = [Ju l JUZ JU 3]', is defined as JU == lUi == FUj ,

Furthermore, introduce a (3 x 1) vector jP' referred to as the nodal force at the node J,
whose elements are the global components of the resultant of forces and couple externally
applied at the node J :JP = [JPI JPZ JP3J' in which JPI, JPZ and JP3 are, respectively, the
~,'1 components of the externally applied force and theappliedmomentabout (.It is assumed,
for simplicity, that JPk(k = 1,2,3) is either a constant JPk (constant applied force or couple)
or JPk P, where P is an unknown load factor which is to be determined when the structure
becomes unstable. The value of P at which the structure becomes unstable is the critical
load Per- The problem involving several independent load factors will be discussed later.
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A (3B x 1) vector 1: and (3N xl) vectors U and P are then defined as follows:
1: = [It I 11: 2 ", ItBJ', U = [IU 2U", NU]', P = [IP 2P", NP]', where B is the total number of
branches and N is the total number of nondatum nodes in the structure.

The quantities defined above can be employed for truss problems with the modification
that the last component of Itj , F1:j , IU j , FUi , JU and JP be disregarded since it is either zero
(e.g. (e j ) , Frj3 , etc.) or will beeliminated from the formulation. For example, 11: j = [Irjl /rj2 ]',

IUj = [IUjl IUj 2]', JU = [JUI JU2J', JP = LpI JP2]', etc.

Sign convention

The standard right-hand rule is adopted as sign convention for the quantities discussed
above [12].

FRAMES

Branch equations, transfer matrices and end branch Jorce-displacement equations
Let Aj' I j' E j and Ij be the cross-sectional area, the area moment of inertia about the

zi axis, Young's modulus of elasticity and the length, respectively, of the jth branch.
The following relationships for the extensional mode ofthejth branch can easily be obtained:

FTjl = ITjl = Tjl (1)

{fjl = (AjE/l)(FUjl- Iujd. (2)

Equation (1) indicates that the axial force Tjl is constant throughout the branch.
The equation for the flexural mode and those for the branch forces and branch displace­

ment relations can be written as follows:

UJ2+(A; /1;)u'j2 = 0

),; - rrj1lf!Eij

Tj2 = -EiJu'jz+(A;/I;)u}2]

(3)

(4)

(5)

(6)

in which the prime denotes the differentiation with respect to Xi'

Using the solution of equation (3) which satisfies the boundary conditions at the initial
end, the following transfer equation is obtained [12J:

[
Frj2] [J1I jJ~ 2J [ITj2] [0 0J[IUj2 ]
Frj3 = jI21 jf22 ITj3 + 0 J /uj3

Furthermore, if the solution of equation (3) which satisfies the displacement boundary
conditions at both ends is employed, the following end branch force-displacement relation
is obtained [12]:

(8)t

-r In what follows, the definitions of undefined quantities or symbols in the equations with a dagger are given
in Appendix L
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The transfer equations given in equations (1) and (7) and the end branch force-dis­
placement relations given in equations (2) and (8) can be written in the following matrix
forms:

Ftj = Cj Itj+Dj IUj (9)t

It j = KiGjRj liij+GjRj Fii) (10)t

in which K j is a (3 x 3) diagonal matrix with elements K;t, K;2 and K;3 where K;t =
AjE;llj' and K j2 = K j3 = E;I;lIJ.

When the effect of axial force on flexural mode is neglected or the axial force in branch
j is zero, one can reduce the transcendental elements in C;, D;, G; and G; to constants by
taking a limit as Aj approaches zero. The resulting matrices !;, Q; and Q; thus contain no
transcendental element, and J = 0 so that D j = O.

Nodal equations

Using equation (9), the equation of equilibrium at a nondatum node, say node J, can be
written as

lP- L DkIiik = - L R; It; + L R~Ck Itk
k k

(11)

where the index i refers to those branches positively incident on node J, while k refers to
those branches negatively incident on J.

System equations
Define system matrices K, Q, Q and Y, each element of which is a (3 x 3) matrix of the

individual branch quantities or of the individual nodal quantities, as follows:

otherwise

if aiJ = 0

if aiJ = 1

if aiJ = 1 (17)

(16)

(12)

(13)

(14)

(15)

(18)

if aiJ = -1

if aiJ = -1

if aiJ = 0

if eIJ = 1 and m is the branch

connecting nodes] and J

K = [Kj],j = 1,2, B

Q = [ijiJ], i = 1,2, , B, J = 1,2, N

Q = [qiJ],i = 1,2, ,B,J = 1,2, ,N

Y = [yd,] = 1,2, ,N,J = 1,2, N

'U ~I;'R'
lGiR;

qiJ =I~Ri
lC;Ri

I-D

y" ~ lo ·
where aiJ is the i - J element of branch-node incidence matrix A [12] and where eIJ is the
T-J element of the node-node incidence matrix E [12]. Matrices Q and Q are called
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modified branch-mode incidence matrices and Y, the modified node-node incidence matrix.
With the aid of these system matrices, the end branch force-displacement relations

and the equations of equilibrium at nondatum nodes of the system can be derived from
equations (10) and (11) as follows:

t =KQu

Q't = p+Yu

Substitution of equation (19) into equation (20) yields

(Q'KQ- Yju p

(19)

(20)

(21)

It should be mentioned that Q, Q and Yare functions of A. i and hence function of axial
forces J!jl,j = 1,2, ... , B, and equations (19) and (20) are the formulation for the structural
analysis in which the effect of axial force on flexural mode is taken into account.

Buckling loads and buckling modes

It can be shown from equations (19) and (20) that the criterion for instability is the
vanishing of the determinant IQ'KQ - YI ; i.e.

IQ'KQ-YI = 0 (22)

The values of P (eigenvalues) at which equation (22) is satisfied are the buckling loads,
while the corresponding displacement eigenvector Au are the associated buckling modes.

Location of eigenvalues of the determinantal (characteristic) equation IQ'KQ - YI = 0
Both Type I and Type II problems are considered below.
Problem ofType I [Fig. I (a)]. It is noted that for Fig. l(a) to be possible, the axial deforma­

tion of the branch should be disregarded. Hence, the problem of Type I refers to those
problems for which, when the axial deformation is neglected, no deformation occurs
before the critical load is reached, and for which the axial force in each branch, Ljl' j 1,2,
... , B, is known explicitly in terms of the load factor P. Thus, the values of the determinant
IQ'KQ - YI are computed numerically for a series of values of P (usually with a small,
identical increment .6.P) within a range where the first several buckling loads are located.
The fundamental buckling load occurs in a region where the determinantal value first
changes its sign from positive to negative. Then the interpolation can be used to find the
buckling load using several determinantal values in this region. Sometimes, the calcula­
tions of determinantal values have to be performed twice, first by using a relatively large
increment of t1P so as to locate the approximate vicinity of buckling load and then using
a smaller increment t1P in this region for the purpose of interpolation.

Once the eigenvalue has been calculated, its associated displacement eigenvector Au
(buckling mode) can be evaluated numerically.

Problem ofType II. To compute the determinant IQ'KQ - YI, axial forces 'Cjl ,j = 1,2, ... ,
B should first be evaluated iteratively, using the following expression obtained from equa­
tions (19) and (21):

(23)

since axial forces are unknown for the problem of Type II. The successive approximation
procedure is described below.
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The iterative procedure is initiated by neglecting the axial forces ijl' j = 1,2, ... , B,
appearing on the right-hand side of equation (23) so that the first estimate t(l) of t can be
calculated. Note that this first estimate is equivalent to the classical structural analysis
[12, 15]. Since the (3j- 2)th elements of to), j 1,2, ... , B, represent the axial forces in
branches, those values are then employed on the right-hand side of equation (23) to obtain
the second estimate t(2). After a few cycles of iteration, the branch forces t and the deter­
minantal value IQ'KQ - YI converge, if P is not very close to the buckling load. This
iterative procedure enables one to locate a narrow region of P within which the buckling
load is located. When P approaches the buckling load, however, the procedure above may
exhibit erratic oscillation. The region of P in which the iterative procedure does not con­
verge is referred to as the oscillating region, and the upper bound and the lower bound of
this region are the upper bound and the lower bound of the buckling load.

At this point, some alternative procedures can be taken as follows: (a) one can estimate
the buckling load by interpolating the determinantal values evaluated outside the oscillating
region, (b) the determinantal values within the oscillating region can be estimated, in
approximation, by using the axial forces of the first estimates i( 1), or (c) the oscillating region
may further be narrowed by the iterative procedure, starting with the solution due to
P - /:i.P instead of starting with the classical structural analysis. Any alternatives or com­
bination of them can be used, depending on the individual problem.

It is clear that during the process of iteration, the branch force vector t is calculated from
equation (23). This enables one to examine whether the structure considered will fail due to
elastic buckling, by checking whether the fiber stress of the structure exceeds the yield stress
of the structural material before the critical load is reached.

Releases

The preceding discussion is based upon the assumption that no release exists within
the frame. If, however, the releases occur at either supports (datum nodes) (including hinges,
rollers or elastic constraints) or at interior nodes, the present formulation is still valid, with
a slight modification of the end branch force-<iisplacement relation [equation (8)] in a
similar fashion as discussed in Ref. [12].

Structural analysis

The same pair of equations [equations (19) and (20)] are valid for the classical structural
analysis of frames in which the effect of axial force on flexure mode is neglected, and hence
matrices fJ,~ and.§ should be used, with Q; = 0, Y = 0 [12,15].

Buckling without nodal translation

The formulation of the stability criterion for the problem of Type I can be simplified
considerably if (a) the axial deformation of the branch is neglected and (b) no nodal trans­
lation (sideways) occurs during buckling. Since, in this case, JU l = JUZ = 0, we define
JU = JU3 ' t j = lij3' Rj = 1 and take into account only the third equation of equations (10)
and (11). Then, the determinantal equation for the critical load IQ'KQ YI = 0 is still valid
except that the dimension of this determinant reduces to N x N. It is clear, in this case, that
Kj = K jz , G j = jgZ2' G j $zz, Cj = jizz and Dj = J For the branch in which the
axial force is zero, one has ~ = -4lj ,fiJ = -2lj ,!; = 1 and!!.i = O.
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Critical surface

To simplify the presentation, the discussion above is based on the assumption that there
is only one load factor P to be determined for the critical value. lfthere are rn independent
load factors, PI' P2 , • •• , Pm' the approach discussed can be applied to evaluate numerically
a critical surface (e.g. Ref. [8J) defining the stable region, in the rn-dimensional space in which
each load factor Pj corresponds to one coordinate axis.

TRUSSES

As pointed out previously, only the first two components of It j , Ft j , lUi' FUj , JP, JU, etc.,
are needed for the solution of the truss problem. Although IUj and FUj actually have three
components, the last component is eliminated from the evident condition that hinges
cannot resist couples. The branch differential equations and the branch force-displacement
relations are the same as those associated with frames.

Branch equations

Equations (1) and (2) for the extensional mode are still valid. However, in deriving the
branch equations for the flexural mode, the boundary conditions U}2(0) = 0, u}2(1) = 0,
should be used. Thus, in a similar fashion to frame problem, one obtains the transfer matrix
and end branch force-displacement relationships for jth branch as follows:

(24)

(25)

where Aj is a (2 x 2) orthogonal transformation matrix from global coordinate system
(~, YJ) to local coordinate systems (xj , y) ofbranchj, and Kj is a (2 x 2) diagonal matrix with
elements AjE)lj and ITjt/lj.

It is noted that in applying the boundary conditions uJ2(O) = 0 and UJ2(l) = 0 to the
solution of equation (3), one arrives at a possible condition:

(26)

which indicates the Euler buckling load of branch j. If this condition is satisfied, the dis­
placement uj2(x) is not unique, implying the instability of the jth branch and hence the
instability of the structure. Therefore, with the assumption that the branch axial force 'jl

does not exceed the Euler buckling load, equations (24) and (25) are used in the following
formulation for system instability. It should be emphasized that such a distinction does not
exist between individual branch instability and system instability in a frame problem,
because the end of each branch of a frame is subjected to bending moment constraints from
other branches so that buckling of an individual branch can not occur independently.

Nodal equations

Using equation (24), the equation of equilibrium at a nondatum node, say node J, can
be written as

(27)
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where the index i refers to those branches positively incident on node J while k refers to
those branches negatively incident on node J.

System equations

Define system matrices K and Q, each element of which is a matrix of the individual
branch quantities or of the individual nodal quantities, as follows:

if au = 0

if au = 1

if au = -1

K = [KJ,j = 1,2, , B

Q = [quJ, i = 1,2, , B, J = 1,2, ... N

qjJ = I_
O

Aj

lAi

(28)

(29)

(30)

where, again, au is the i - J element of the branch-node incidence matrix A [12].
With the aid of these system matrices, the end branch force-displacement equations and

the equations ofequilibrium at nondatum nodes ofthe system can be derived from equations
(25) and (27) as follows:

r = KQu

Q'r = p

Only the matrix K is a function of axial force {Cjl , j = 1,2, ... B.

(31 )

(32)

Buckling loads and buckling modes
It can be shown from equations (31) and (32) that the system instability criterion is

IQ'KQI = 0 (33)

The eignvalues of equation (33) are the buckling loads, while the associated displace­
ment eigenvectors Au are the corresponding buckling modes. The techniques discussed in
the frame problem for evaluating the buckling loads can be employed here for the truss
problem.

It is emphasized here again that the buckling load calculated from equation (33) will
be of practical interest only when the axial force in each branch does not exceed Euler's
buckling load, since otherwise the system will fail due to buckling of individual branches
and not as a result of system instability.

Releases
When the support is a roller, it should be replaced by a fictitious branch, for the analysis

to be consistent with the general formulation described previously [12]. The extensional
stiffness ofthis branch AE/I is set to be very large in comparison with that ofother branches.

Structure analysis

When the effect of axial force on flexural mode is neglected, it follows that T j 2 = O.
Hence, if we define {Cj = 'jl, the same pair of equations (31) and (32) are valid for the
structural analysis of trusses [12, 14].
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NUMERICAL EXAMPLES

To compute numerical values of buckling loads and buckling modes, a general computer
program is written in which equations (22) and (33) are used for problems of Type I and
equation (23) is employed for problems of Type II in addition to equation (22). As can be
realized from the preceding formulation, this computer program is capable of analyzing
two-dimensional frames and trusses of any geometrical configuration. It can also perform
the classical structural analysis described in the preceding sections.

In the following examples, Young's modulus of elasticity is assumed to be the same for
each member and is denoted by E.

Example 1
The fundamental buckling load ofa portal frame shown in Fig. 2(a), with II = 12 = 13 ,

11 = 12 = lOin., Al = A 2 = A3 , ri = r~ r~ = 1·0 in.2 is found to be 6·979 EIllli, where
r j is the radius ofgyration of the jth branch. The corresponding normalized buckling mode
Au is shown in Fig. 2(b). The fundamental buckling load of the same problem is found to be
7·4 El tl/i (see also Ref. [2J, pp. 327-332) in which the axial deformation is neglected.

p

(c)

p

1213 12f! 12/3

/7;77 /7777
(b)(a)

p p p p

1----12-1 0. 7041 I..- 0.704--1 r,+ +• -0.0475CD ® .l__ 1-
r, 1o.r" -0.0475 10459

~1
FIG. 2. Portal frame.

Example 2

The fundamental buckling load of the same problem as Example 1 is found to be
7·349 El tl/i for II = 12 = 13 = 120 in., ri = r~ = d = 10 in.2

•

Example 3

The same frame structure as that given in Example 2 but loaded at one third of the
beam as shown in Fig. 2(c) is considered. The fundamental buckling load is found to be 7·30
EI tlli, which is lower than the fundamental buckling load of Example 2. Since this belongs
to the problem of Type II, the iterative procedure discussed previously is employed.
The solution is obtained by the interpolation using the determinantal values evaluated at
P = 7·28 El I/li, 7·285, 7·290, 7·295, ... 7·325 El tlli. No oscillation is observed for iteration.
For this particular problem, if the material is made ofsteel, the yielding stress in the structure
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occurs before the fundamental buckling load is reached, and therefore, 7·30 E1 dli has no
practical interest except to demonstrate the validity of the approach discussed in this paper.

Example 4
The fundamental buckling load of a gable frame shown in Fig. 3(a) is obtained as

5·334 E1/12 with 2{32 = 4{32 = O. The area of each member is proportional to its moment
of inertia and r2 = 10 in. 2 for each member, where r is the radiu~ of gyration. The buckling
mode Au is also plotted in Fig. 3(b).

wt:': ~~~t00.::0 ~~tf'
I I I I

i = 180

@ 0 ® 1
I--- 240--l---240----l

(0)

(DIMENSIONS IN INCHES)

FIG. 3. Gable frame.

(b)

Example 5
The fundamental buckling load of Example 4 with 2{32 = 0·05 and 4{32 = 0·05 [Fig. 3(a)]

is considered. Since this belongs to the problem ofType II, the iterative procedure discussed
previously is employed. For this particular example, the iterative procedure for evaluating
the determinantal values oscillates considerably within the range P = 5·04 E1/[2 and
P = 5·3 E1/[2 and the determinantal value changes sign within this region. Hence, 5·3 E1/[2
and 5·04 E1/12 are, respectively, the upper and the lower bound of the fundamental buckling
load. The determinantal values within this oscillating region are estimated, in approxima­
tion using the axial force of ,;(1) and then the fundamental buckling load is estimated as
5·157 E1/[2. This buckling load is lower than that of Example 4.

Example 6
The first three buckling loads ofa two-bay three-story nonsymmetric building structure

[Fig. 4(a)] are obtained as 5·004 E1/12
, 6·851 E1/12 and 9·760 E1/[2, where the area of each

member is proportional to its moment of inertia and the radius of gyration for each member
is 5·0 in. The first three buckling modes are plotted in Figs. 4(b), (c) and (d), respectively.

Example 7

The fundamental buckling load for a truss shown in Fig. 5(a) is found to be 0·17157 AE,
with b = 1/2 = 50 in., At = A. This buckling load is the same as that given in Ref. [16]
(p. 148), where the critical load is expressed as Pcr = AE/cot3OC2[3 +(2AldAII COS2O(2)]'
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(c)

0.11 0.71 0.11
4 1 (5) 0.91

0.91 0.91 0.91

7 1.21 ® I

I 1 I

10 (jJ) 1
m"7 /7/"7 /7?'l7

p p p

CD+ 0.51 CD+ 0.51 +@,
12

®-t
13®i

15 = JJ.

@ @j
!--18--j.........15--!
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(b) (d)

FIG. 4. Multistory structure.

with (X2 being the angle between the diagonal member and the cord member. The buckling
mode is also plotted in Fig. 5(b).

Example 8
The fundamental buckling load for a truss shown in Fig. 5(c) is found to be 0·1336 AE,

where Al = 1·5 A, A 2 1·2 A and b = I 100 in. The associated buckling mode is
plotted in Fig. 5(d). It is mentioned here again that the buckling loads given in Examples 7
and 8 are of practical interest if the axial force in each member does not exceed the Euler
buckling load.

CONCLUSION

A systematical unified method is presented for the stabilityanalysis ofcomplexstructures,
including the effect of bending moments and shear forces in structures before buckling.
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(0)

(b)

(c)

(d)

FIG. 5. Truss structures.

The determinantal (characteristic) equation for evaluating the buckling load is given,
explicitly, in terms of structural property and structural geometric configuration for rigid
frames and trusses. Network concept and transfer matrix technique are employed through­
out the formulation so that the geometric configurations ofstructures are taken into account
in a general fashion. This permits a convenient use of a high-speed digital computer for the
numerical work involved in the analysis. It is shown that the general formulation degener­
ates into that ofstructural analysis when the effect ofaxial force offlexural mode is neglected.
The formulation is particularly suitable for the stability analysis of complex structures.
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APPENDIX I-DEFINITIONS

In which jIll = 1, jIl2 = 0, J21 = -lisin ).)/Aj, jI22 = cos Aj, J = - EijAisin A)/ Ij,
jgll = (Aj sin A)/ljFj, jgl2 = (1 - cos Aj)/Fj, jg21 = jgl2, jg22 = (sin Aj-Aj cos A)I/AjFj,
jgll = -Aisin A)/ljFj, jg12 = jgl2' jg21' = - jgl2, jg22 = Ipj-sin A)/AjFj, Fj = [AjSin Aj
-2(I-cos A)]/A/.
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A6cTpaKT-.l1.aeTcli CHCTeMaTll'lecKHH nOLlXO,l\ K peweHHIO 3a,l\a'lH yCTOH'IHBOCTH ,l\nll lKeCTKHX paM H

cPePM, Y'IHTbIBaIOWHH 3ljJljJeKT H3rH6HbIX MOMeHTOB H CHn C,l\BHra, B KOHCTPYKLlHllX ,l\O MOMeHTa nOTepH

YCTOHQHBOCTH. I1cnonb3yeTcll, C Ha'lana ,l\O KOHl.Ia, TeopHli nHHeHHbIX rpaljJoB H cnoco6 MaTpHLlbI nepe­

MellleHHH. 3Ta nOCne,l\Hllll HLleanbHO npHrO,l\Ha ,l\nll aHanH3a YCTOH'IHBOCTH conplilKeHHblX KOHCTPYKLlHH,

TaK KaK aBTOMaTH'IeCKH paCCMaTpHBaeT KOHljJHrypal.\HIO Bceil: KOHCTPYKI.\HH. no nOMy MOlKHO BblBeCTH

onpe,l\enlilOlllee xapaKTepHCTH'IeCKOe ypaBHeHHe 06WHM H npOCTbIM cnoco60M. npHMeHeHHe nHHeHHoil:

TeopHH rpaljJoB n03BanlleT, TaKlKe y,l\06HO Hcnonb30BaTb 3Ll,BM ,l\nll cnOlKHblX paC'IeTOB. npe,l\naraeMali

ljJopMynHpoBKa ,l\nll aHanH3a YCTOi!:'1HBOCTH n03BanlieT Ha TaKOH aHanH3 KOHCTPYKLlHH, B KOTOpOM npeHe­

6peraeTCli 3ljJljJeKTOM oceBblX YCHJIHH Ha pelKHM H3fH6a.


